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THE CONSTANT SEGMENT METHOD FOR THE 
ANALYSIS OF NON-UNIFORM STRUCTURAL MEMBERS 


Walter E. Hanson,! A.M. ASCE, and Wallace F. Wiley2 


SYNOPSIS 


There are several general methods of analysis for beams having variable 
moments of inertia. Although precise, these methods are time consuming in 
application and subject to numerical errors. Even the combination of column 
analogy and moment distribution sometimes becomes quite laborious. 

A method is presented in this paper which requires comparatively little 
computation, and which is simple in concept and use. It is based on the divi- 
sion of the flexural member into a number of segments of equal length, each 
segment being assumed to have a constant value of EI. In this respect the 
method may be considered an approximation; however, the accuracy afforded 
is very high, and even with slide-rule calculations it is entirely sufficient for 
all design purposes. 

The discussion, examples, and tables presented herein cover only the com- 
putation of stiffness, carry-over factors, fixed end moments, and dead load 
deflections; but the method is applicable to other similar problems. 


Basic Concepts 


The behavior of any flexural member acted upon by any combination of 
transverse loads and end moments is dependent on the angle changes produced 
along the beam. These angle changes can be computed from the properties of 
the M/EI diagram. 

For any non-uniform beam the shape of the M/EI diagram is irregular and 
may present difficulties in the computation of slopes and deflections. Such 
difficulties can be overcome by using the principle of superposition. The 
total slope or deflection at any one particular point is the summation of the 
slopes or deflections at that point produced by all segments of the M/EI dia- 
gram, each acting individually. While one segment is being considered, all 
other segments of the beam are assumed at that time to have an infinite value 
of EI. Figure 1 shows the behavior of a beam in which only the segment ef is 
assumed to be active. 

If each segment may be considered to have a constant value of EI through- 
out its length, numerical computations can be greatly simplified. This is ac- 
complished by the use of precalculated coefficients. These coefficients are 
the effects (end slopes, deflections at a particular point, etc.) of a segment of 
the moment diagram if this segment of the beam has a unit value of EI, In 
use, the coefficient for each segment is divided by the actual value of EI of 
that segment, and the results are summed across the beam to obtain the total 
effect. 


1. Engr. of Bridge and Traffic Structures, Illinois Div. of Highways, Spring- 
field, Ill. 
2. Senior Bridge Designer, Illinois Div. of Highways, Springfield, Ill. 


649-1 


For purposes of computation, it is convenient to divide all beams into the 
same number of equal segments. The ten-segment scheme has been chosen 
for use in this paper. Each of the segments in this scheme is considered to 
have a constant value of EI throughout its length. If the value of EI changes 
within the segment, the weighted average value of 1/EI in the segment is used. 
That is, if the section changes abruptly at the 0.3 point of the segment, the 
weighted average value of 1/I may be taken as 0.3 of the value to the left plus 
0.7 of the value to the right of the point of change. 


Nomenclature and Conventions 


The following symbols are used in the equations given in this paper: 


a 


ratio of distance to span length measured from the left support A 


ratio of distance to span length measured from the left support 
to point of application of load P 


ratio of distance to span length measured from left support to 
point of deflection 


segmental coefficients for end slopes or deflections given in 
Tables I to VI of the Appendix 


moment carry-over factor from end A to end B 
modulus of elasticity of beam material 

moment of inertia of beam section 

reference moment of inertia of beam sections 
stiffness factor at end A of span AB if end B is simply supported 
stiffness factor at end A of span AB if end B is fixed 
length of span 

fixed end moment at end A of span AB 

concentrated load 

uniformly distributed load 

deflection of beam at point D 


slope at end A of beam caused by a unit moment applied at A 
slope at end B of beam caused by a unit moment applied at A 
slope at end B of beam caused by a unit moment applied at B 
slope at end A of beam caused by a unit concentrated load 


slope at end A of beam caused by a unit uniformly distributed 
load 


No sign convention is followed in this paper. The solution of any one of the 
equations will result in a positive quantity. The application of the proper sign 
is left to the user. 
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End Slopes Produced by Unit End Moments 


The slope at the end of a beam is numerically equal to the reaction of the 
M/EI diagram at that end. If a unit moment is applied to end A of the beam 
AB, which has a constant value of EI, the M/EI diagram is as shown in Fig- 
ure 2, Then, if only the shaded segment s is assumed to have a finite value 
of El, the end slopes due to this segment are the reaction of the segment s of 
the M/EI diagram. 


— 
On* EY (1) 


2 3 
en (2) 


Es ts 
Similarly, for a unit moment applied at B 


B_L 


(4) 


It should be noted that equations (2) and (4) are identical. By Maxwell’s 
law of reciprocal relations, this is true for any beam, no matter how the 
value of EI varies. That is, 


The quantities in brackets in these equations are coefficients of end slopes 
produced by a unit moment applied to the end of a beam having a constant 
value of EI. They represent, however, the slopes caused only by that segment 
of the M/EI diagram extending a distance aL along the beam. That is, all of 
the beam except the segment aL is considered to have an infinite value of EI. 

The value of a coefficient for a segment extending from aL to aoL is the 
difference between the values obtained by substituting successively ee a the 
values of a, and ag in the bracketed factor. Values of these coefficients for 
ten segments of equal length were so obtained and are given in Table I of the 
Appendix. 

When the value of EI is not constant throughout the length of the beam, the 
true value of an end slope is obtained by summation, thus 


6 
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Since E is usually a constant it can be placed outside the brackets. Also, for 
convenience in computation, if some value I, of moment of inertia is taken as 
a reference value, then 


Equation (6) represents the general procedure used in this paper for evalu- 
ating the properties and behaviors of beams that have non-uniform sections. 


Carry-over and Stiffness Factors 


The moment carry-over factor from end A to end B of a beam is defined 
as the moment produced at the fixed end B by a unit moment applied at A. It 
can be shown that 


Cap = (7) 


and 


(8) 


Also, the stiffness factor at the end of a beam is defined as the moment 
required to rotate that end through a unit angle. From this definition, when 
end B is simply supported 


(9) 


On 


When end B is fixed 
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8a 


When end A is simply supported 


(11) 


When A is fixed 


Thus, it is evident that after the values of the end slopes have been deter- 
mined as indicated in the preceding Section, the carry-over and stiffness 
factors may be found by equations (7) to (12). Also, it should be noted that 
the units of equations (9) to (12) are such that the stiffness factors vary di- 
rectly as the moment of inertia times the modulus of elasticity and inversely 
as the length of the beam. 


Fixed End Moments 


Figure 3 shows the M/EI diagram for a simple beam having a constant 
value of EI and acted upon by a unit concentrated load. For any segment ex- 
tending a distance aL along the beam from the left support A, when a < b 


2 2 3 
and 
When a >b 
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(10) 


ef = +%) - (15) 
and 

(16) 


The quantities in brackets are coefficients for end slopes produced by a 
segment of the M/EI diagram extending a distance aL from end A. Coeffi- 
cients for ten equal segments have been evaluated from these equations and 
are given in Table II of the Appendix. By the use of these coefficients the 
total values of end slopes for beams with variable moments of inertia may be 
found by a summation process similar to that indicated by equation (6). 

For a unit uniform load, Figure 4 


(17) 
and 
3 3 4 


B EI |6 


The coefficients of these slopes for ten equal segments are given in Table 
Ill of the Appendix. 

With the end slopes evaluated, the following equations may be used to de- 
termine the fixed end moments. For concentrated loads, when both ends of 
the beam are fixed 


F 


and 
Mp =P 166K ap (20) 


For uniform loads, when both ends of the beam are fixed 
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Pt 


and 


WwW 


= 
w 


For concentrated loads, when end A is simply supported 


P 
(23) 


For uniform loads, when end A is simply supported 


me Wx 


4 (24) 


BA 


It should be noted that the units of the terms in the brackets of equations 
(19), (20), and (23) are such that the moments become the usual load times 
length. Similarly, moment equations (21), (22), and (24) reduce to the com- 
mon form of load per unit length times length squared. 


Dead Load Deflections 


The dead load deflection at any point on a beam can also be computed by 
the method of constant EI segments. In this case, however, the quantities 
used are the moments of the segments of the M/EI diagram instead of the 
reactions. 

In order to compute the dead load deflections of both simple and continuous 
beams, three types of moment diagrams may be considered: parabolic, tri- 
angular and rectangular. The parabolic diagram is used to compute the sim- 
ple beam deflections, while the triangular and rectangular diagrams serve for 
computing the deflections due to end moments. 

Figure 4 shows a beam having a constant value of EI subjected to a para- 
bolic M/EI diagram resulting from a uniformly distributed load w per unit 
length. The deflection at point D caused by that segment of the M/EI diagram 
extending a distance aL along the beam from the left support A can be ex- 
pressed by equation (25) when a < d 


gy 
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AB BY BA (21) 

(22) 


When a >d 


Ao? 


Whena>d>d 


For a rectangular moment diagram with equal moments applied at ends A 
and B, whena< d 


2 
Ap = Make | (29) 


When a >d 


In each of these equations the quantities in brackets are coefficients of de- 
flection of point D on a beam having a constant value of EI. These quantities 
are due only to the segment aL of the M/EI diagram. Coefficients are evalu- 
ated for ten equal segments in Tables IV, V, and VI of the Appendix for values 
of d of 1/4, 1/2 and 3/4. 

For beams of non-uniform section the deflections are computed by the 
same process of summation as that indicated by equation (6) for end slopes. 


Examples of Application 


Figure 5 shows a three-span continuous beam and the loading for which 
the negative moments at supports B and C will be determined. Also, the de- 
flection at the 0.5 point of span AB due to the uniform dead load will be found. 
The variation in the moment of inertia and values of 1,/I for the end spans 
and center span are given in Figures 6 and 7. The average values of I,/I for 
each of the 10 equal segments in each span are shown also in these figures. 


Carry-over and Stiffness Factors 


Figure 8 shows a typical form of the computations for determining the end 
slopes resulting from unit moments at end B of span AB and at both ends B 


649-8 


Similarly, for a moment My applied at end B, whena<d 
2 
(27) 
2 2 3 3 
Ap = od(1-9)- (30) 
2 
| 


and C of span BC. The values of 1/1 are obtained from Figures 6 and 7 and 
the values of the coefficients are taken from Table I of the Appendix. The 
value of the coefficient for each segment is multiplied by the value of I,/I for 
that segment and the product entered in the adjoining column. The columns 
are then totaled. The values of these column totals when multiplied by the 
ratio L/EI, give the end slopes. 

Span AB is simply supported at A; therefore, the stiffness is found by 
equation (11). The beam is continuous over supports B and C; therefore, 
carry-over and stiffness factors for span BC are computed from equations 
(7), (8), (10), and (12). It should be noted that when the coefficients in Table I 
are used for the analysis of span BC, end A becomes B and end B becomes C. 
Because of symmetry the computations for span BC are reduced considerably, 
and the stiffness determined for span AB also applies to span CD. 


Fixed End Moments 


The fixed end moment at support B due to the concentrated and uniform 
load in span AB is computed in Figure 9. The coefficients for the end slope 
at B are obtained from Tables II and III of the Appendix. After the end slopes 
at B resulting from the concentrated and uniform loads have been determined, 
the respective fixed end moments are computed from equations (23) and (24). 

In a similar manner in Figure 10, the fixed end moments are obtained at 
supports B and C for the loads in span BC. Since the span is fixed at both 
ends, the moments are found from equations (19), (20), (21), and (22). It 
should be noted that the computations are reduced because of symmetry of 
the uniform load and of the properties of the beam. 

No computations for the fixed end moment in span CD are given because 


the moment may be determined by means of a ratio after the computations for 
the uniform load in span AB have been made. 


Moment Distribution 


The actual moments at supports B and C due to the total loading on the 
three-span continuous unit are computed in Figure 11(a). Similarly, the dead 
load moments are calculated in Figure 11(b). These computations should be 
self-explanatory to anyone familiar withthe procedure of moment distribution. 

It is important to note that the computations for relative stiffnesses and 
distribution factors take into account the differences in span lengths. Since 
the same reference value of |, was used in determining the values of relative 
I in all spans and since E is constant, these values need not be included in the 
computations for the relative stiffnesses. 


Deflection 


The dead load deflection at the 0.5 point of span AB is found in Figure 12 
using the coefficients from Tables IV and V of the Appendix. It should be 
noted that this deflection is made up of two parts. The deflection resulting 
from the simple beam, parabolic moment diagram is downward; while the de- 
flection due to the triangular variation in negative moment, Figure 11(b), is 
upward. 


APPENDIX 
Tables I to VI of this Appendix contain the segmental coefficients of end 
slopes and deflections of a non-uniform flexural member AB divided into ten 
equal segments. The sketch at the top of each table gives the key to the ap- 
plication and use of the coefficients given in the table. 
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MEI Diagram 


F Letlected 
Beam 


FIGURE |. Action of One Flexural Segment. 


3 
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FIGURE 2. M/EI Diagram for Unit End Moment. 
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FIGURE 3. M/EI Diagram for Concentrated Load. 


FIGURE 4. M/EI Diagram for Uniform Load. 
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